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Abstract
Extending our previous work for the planar case [1], in this Letter we present
fractionalization of the kernels of integral transforms that link the field quantities over
two coaxial cylindrical surfaces of observation for the two-dimensional (2-D)
monochromatic wave propagation, and over two concentric spherical surfaces of
observation for the three-dimensional (3-D) wave propagation. With the proper radial
normalizations, we show that the fractionalized kernels, with fractionalization parameter
ν that here could attain complex values between zero and unity, can effectively be
regarded as the kernels of the integral transforms that provide the radially normalized
field quantities over the coaxial cylindrical surfaces (for 2-D case) and over the
concentric spherical surfaces (for 3-D case) between the two original surfaces. Like in
the planar case [1], here the fractionalized kernels can supply another way of interpreting
the fields in the intermediate zones.
† Parts of the early results of this work were presented by the author at the Progress in Electromagnetic
Research Symposium (PIERS’98), Nantes, France, July 13-17, 1998.
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Introduction
In a previous Letter [1], we presented the concept of fractionalization of the
kernels of integral transforms that relate a quantity of interest (e.g., potential or a
Cartesian component of field) over an observation flat plane to the corresponding
quantity over another flat plane parallel with the first one, and we showed that resulting
fractionalized kernels can play the role of the kernels of integral transforms that
“connect” the quantity on the first flat plane to the quantities on the intermediate parallel
plane. That case study was part of our efforts in exploring the roles of fractionalization of
operators in electromagnetics and developing and studying the area of fractional
paradigm in electromagnetic theory [1-8]. In the present Letter we extend our previous
work to the cases of cylindrical and spherical surfaces of observations. The geometry and
analysis of the problem for the cylindrical case is given in the next section, and that of the
spherical case is addressed in the subsequent section.
Geometry and Analysis: Cylindrical Case for 2-D Wave Propagation
We consider both Cartesian and cylindrical coordinate systems ( , , )x y z and
( , , )r zϕ wherein x r= cosϕ and y r= sinϕ . As in the planar case, here for the sake of
simplicity of the analysis we again assume to have a monochromatic source independent
of one coordinate (e.g., independent of z )1, denoted as the volume current density J( , )x y
in free space with its x y- transverse cross section limited to a finite region. The time
dependence is again assumed to be e i t− ω . We take two coaxial cylindrical mathematical
surfaces with radii ro and r1 where r ro1 ≥ . The cylindrical surface of radius ro contains the
1 Note that in [1] the source and quantities of interest were assumed to be independent of the y coordinate,
whereas here these are taken to be independent of the z coordinate.
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source J( , )x y in its interior volume. The region outside this surface (i.e., r ro≥ ) is source
free. The mathematical steps here follow the similar steps taken in the planar case, except
the mathematical expansions here are done using Fourier series (in the ϕ variable of the
2-D cylindrical coordinate system (i.e., polar coordinate system)). Thus wherever
possible, here we use similar notations for corresponding quantities in the planar case.
We denote the scalar potential or a Cartesian component of fields in this problem by the
symbol ψ ϕ( , )r . In the region outside the source, the function ψ ϕ( , )r satisfies the
standard Helmholtz equation ∇ + =2 2 0ψ ψko where ko o o≡ ω µ ε and µ o and ε o are the
permeability and permittivity of free space, respectively. This quantity on the two
cylindrical surfaces mentioned above is shown as ψ ϕ( , )ro and ψ ϕ( , )r1 , respectively.
Using the Fourier series expansion in the ϕ variable and from the fact that ψ ϕ( , )r
satisfies the Helmholtz equation, it can be shown that ψ ϕ( , )ro and ψ ϕ( , )r1 may be
expressed as
ψ ϕ ψπ
ϕ( , ) ~ ( )r r eo n o
n
n
in=
=−∞
=+∞
∑12 (1a)
ψ ϕ ψπ
ϕ( , ) ~ ( )r r en
in
n
n
1
1
2 1=
=−∞
=+∞
∑ (1b)
where the Fourier-series coefficients ~ ( )ψ n or and
~ ( )ψ n r1 can be explicitly written as
~ ( ) (1)ψ n o n n o or a H k r= b g (2a)
~ ( ) (1)ψ n n n or a H k r1 1= b g (2b)
with Hn
(1) ⋅a f being the nth -order Hankel function of the first kind, and an ’s being the
constant coefficients determined from the knowledge of the source. One can “connect”
the two functions ψ ϕ( , )ro and ψ ϕ( , )r1 using the integral transform
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ψ ϕ ϕ ϕ ψ ϕ ϕ
π
π
( , ) , ; , ' ( , ' ) 'r K r r r do o1 1=
−
+z b g (3)
with the kernel K r ro1, ; , 'ϕ ϕb g. Since the function ψ ϕ( , )r drops as r−1 2/ in the far zone
where k ro →∞ , and for the reason that will become evident later in this Letter, it is more
suitable to rewrite the above integral transform between “radially normalized” functions
k r ro o oψ ϕ( , ) and k r ro 1 1ψ ϕ( , ). Furthermore, it can be easily recognized that the kernel
is (azimuth) angle-shift-invariant, and thus Eq. (3) can be rewritten as
k r r K r r k r r do o o o o1 1 1ψ ϕ ϕ ϕ ψ ϕ ϕ
π
π
( , ) , ' ; ( , ' ) '= −
−
+z b g . (4)2
This kernel can also be expanded using the Fourier series expansion for the ϕ ϕ− '
variable as
K r r K r r eo n o
in
n
n
1
1
2 1, ' ;
~
( ; ) ( ' )ϕ ϕ π
ϕ ϕ− = −
=−∞
=+∞
∑b g (5)
where
~
( ; )K r rn o1 denotes the Fourier-series coefficients. From Eqs. (1), (2), (4), and (5),
one concludes that
k r r k r K r r ro n o o n o n o1 1 1
~ ( )
~
( ; )~ ( )ψ ψ= (6)
which in turn leads to the following expressions for
~
( ; )K r rn o1 and K r ro1, ' ;ϕ ϕ−b g,
~
( , )
(1)
(1)
K r r
r H k r
r H k rn o
n o
o n o o
1
1 1=
b g
b g , (7)
K r r
r H k r
r H k r
eo
n o
o n o o
in
n
n
1
1
2
1 1, ' ;
(1)
(1)
( ' )ϕ ϕ π
ϕ ϕ− = −
=−∞
=+∞
∑b g b gb g . (8)
2 Clearly the two kernels K r ro( , ; , ' )1 ϕ ϕ and K r ro( , ; , ' )1 ϕ ϕ are simply related with each other
through the multiplicative constant r ro / 1 , i.e., K r ro( , ; , ' )1 ϕ ϕ = r ro / 1 K r ro( , ; , ' )1 ϕ ϕ .
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Now we wish to fractionalize the operator L expressed as the integral transform in Eq.
(4) that is
L = −
−
+z K r r do1, ' ; 'ϕ ϕ ϕ
π
π
b gL . (9)
The fractionalized operator, symbolically shown as Lν can be written as
Lν ν
π
π
ϕ ϕ ϕ= −
−
+z K r r do1, ' ; 'b gL (10)
where K r roν ϕ ϕ( , ' ; )1 − denotes the “fractionalized” kernel, which we wish to determine,
and ν is the fractionalization parameter. The steps for fractionalization of the kernel is
given in [1] and is not repeated here. Following similar mathematical steps described in
[1], we find that the Fourier-series coefficients of this fractionalized kernel, which are
denoted as
~
;K r r
n
oνd i b g1 , can be written in terms of the ν th power of the Fourier series
coefficients of the original kernels as follows
~
;
~
;
(1)
(1)K r r K r r
r H k r
r H k rn o n o
n o
o n o o
ν
ν
ν
d i b g b g b gb g1 1
1 1= =
L
NM
O
QP
. (11)
From the above, one can then write the expression for the fractional kernel
K r roν ϕ ϕ( , ' ; )1 − as
K r r
r H k r
r H k r
eo
n o
o n o o
in
n
n
ν π
ν
ϕ ϕϕ ϕ( , ' ; )
(1)
(1)
( ' )
1
1
2
1 1− =
L
NM
O
QP
−
=−∞
=+∞
∑ b gb g . (12)
One can easily notice that when ν →1, the fractional kernel K r roν ϕ ϕ( , ' ; )1 − becomes the
original kernel K r ro( , ' ; )1 ϕ ϕ− ; and when ν → 0, the fractional kernel approaches the
Dirac delta function δ ϕ ϕ( ' )− , as expected. As in the planar case, here it can also be
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shown that the integral transform (Eq. (10)) representing Lν satisfies the additivity
properties in fractionalization parameter ν , i.e., L L Lν ν ν ν1 1 1 2o = + .
When the fractionalization parameter ν is neither zero nor unity, would the
fractional kernel K r roν ϕ ϕ( , ' ; )1 − represent the kernel of an integral transform that
provides us with the radially-normalized quantity of interest on the intermediate
cylindrical surface between the two original surfaces? To answer this question, let us
utilize Eq. (4) to consider the integral transform that links k r ro o oψ ϕ( , ) to the function
k r ro int int( , )ψ ϕ  on the cylindrical surface of radius rint where the subscript “int” indicates
“intermediate”, so r r ro ≤ ≤int 1. From Eqs. (4) and (8), one can write explicitly the kernel
for such a transform as
K r r
r H k r
r H k r
eo
n o
o n o o
in
n
n
int
int
(1)
int
(1)
( ' ), ' ;ϕ ϕ π
ϕ ϕ− = −
=−∞
=+∞
∑b g b gb g
1
2 (13)
If we equate the kernel for the intermediate radius (Eq. (13)) with the fractionalized
kernel we obtained in Eq. (12), we will find the values of the fractionalization parameter
ν in terms of all the other parameters involved. Specifically, from the following
expression of equality of the two kernels,
1
2
1
2
1 1
π
ϕ ϕ
π
ν
ϕ ϕr H k r
r H k r
e
r H k r
r H k r
en o
o n o o
in
n
n
n o
o n o o
in
n
n
int
(1)
int
(1)
( ' )
(1)
(1)
( ' )b g
b g
b g
b g
−
=−∞
=+∞
−
=−∞
=+∞
∑ ∑=
L
NM
O
QP
(14)
we can find the values of fractionalization parameter ν as follows
ν n
n o o n o o
n o o n o o
r H k r r H k r
r H k r r H k r
=
−
−
ln ln
ln ln
int
(1)
int
(1)
(1) (1)
b gc h b gc h
b gc h b gc h1 1
 (15)
which shows that, unlike the planar case that we reported earlier [1], here for a given set
of radii ro , r1, and rint we do not obtain a single value for fractionalization parameter ν .
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Instead we have differing values ν n for each Fourier component of these kernels. We
notice that when r rint → 1, the parameters ν n ’s (for all n from −∞ to +∞) become unity;
and when r roint → , all ν n ’s become zero, as expected. However, when r r ro < <int 1 , the
parameters ν n ’s are not necessarily the same value for all n , and in fact they can even
attain complex values as can be implied from Eq. (15). So the fractionalized kernel given
in Eq. (12) can be interpreted as the kernel of the integral transform linking the radially-
normalized quantity of interest on the cylindrical surface ro to the corresponding radially-
normalized quantity on the intermediate coaxial cylindrical surface with radius rint , if the
fractionalization parameters ν n ’s are chosen according to Eq. (15). With these values of
ν n ’s, one can then write
K r r K r ro oK L, , , , , , , int' ; ( , ' ; )ν ν ν ν ν ϕ ϕ ϕ ϕ− − − = −2 1 0 1 2 1c h (16)
where the subscript of the fractional kernel is explicitly written as differing parameters
ν n ’s. As these parameters vary from zero to unity according to Eq. (15), the radius of the
intermediate cylindrical surface evolves from ro to r1. If the original cylindrical surfaces
ro and r1 are chosen at the near-zone radius and the far-zone radius, respectively, the
fractional kernel with proper parameters ν n ’s would provide another way to interpret the
fields in the intermediate zones in the cylindrical case.
If the original radii ro and r1 are chosen such that k ro o >>1 and k ro 1 1>> , the
expression for the Hankel functions may be simplified. It is well known [9, page 364]
that for the large arguments, the Hankel functions can be asymptotically written as
H k r
k r
en o
k r o
i k r n
o
o(1) ( )b g
→∞
− −≅
2 1
2
1
4
π
π π  (17)
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where k ro should also be large compared with the order n. Under these assumptions, Eq.
(15) can be written as
ν n o
o
r r
r r
≅
−
−
int
1
when k ro o >>1 and k ro 1 1>> , and also k r no o >> and k r no 1 >> . (18)
This indicates that when the above conditions are satisfied, the fractionalized parameters
ν n ’s attain a single real value between zero and unity determined by the three radii ro , r1,
and rint . 3 The form of this expression is similar to the one we obtained for the planar case
in which the fractionalization parameter was given as ν ν= −−
z z
z z
o
o1
.[1] Now it has become
clear why in writing the integral transform in Eq. (4), we used the radial normalization
k ro . Like the case of planar observation, here under these conditions when the
parameter ν is given at a non-integer real value between zero and unity, the radius of the
intermediate cylindrical surface can be obtained using Eq. (18). Conversely, if again
these conditions are satisfied and if the intermediate radius is specified, we can find the
value of parameter ν .
To summarize this section, we have shown that by proper choice of
fractionalization parameters the fractional kernel given in Eq. (12) can provide the kernel
for the integral transform relating the radially-normalized function of interest on the
cylindrical surface of radius ro to the corresponding function on the intermediate coaxial
3 It must be noted that the index n takes all the integer values from −∞ to +∞ . So when ro and r1 are
specified and they satisfy the conditions k ro o >>1 and k ro 1 1>> , there can always be the indexes n for
which the conditions k r no o >> and k r no 1 >> are no longer satisfied, and thus the expression given in
Eq. (18) may not be applicable and one should then again use Eq. (15) for the value of ν n . However, it
must be noted that for a given source it is possible that for such large indexes the coefficients an ’s in
Eqs. (2a) and (2b) are negligibly small and therefore those Fourier-series terms with high indexes may
not contribute significantly in this case. However, if they do become significant, then one should notice
that Eq. (18) would be valid only for those indexes for which the conditions used in Eq. (17) are
satisfied.
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cylindrical surface with radius rint where r r ro ≤ ≤int 1. Some of the salient features of this
fractional kernel are similar to its counterpart for the planar case.
In the following section, we address a similar fractionalization of the kernel for
the spherical case.
Geometry and Analysis: Spherical Case for 3-D Wave Propagation
For this case, the monochromatic source is assumed to be in a finite region of
three-dimensional space and is denoted as J J= ( , , )x y z . The Cartesian and spherical
coordinate systems ( , , )x y z and ( , , )R θ ϕ are used wherein x R= sin cosθ ϕ ,
y R= sin sinθ ϕ , and z R= cosθ . Following a similar approach, here we take two
concentric spherical surfaces of radii Ro and R1, where R Ro1 ≥ . The source J( , , )x y z lies
within the interior volume of the spherical surface of radius Ro . The potential function on
these two surfaces are denoted by ψ θ ϕ( , , )Ro and ψ θ ϕ( , , )R1 . Analogous to Eq. (4) in the
previous section, here we use the following integral transform to relate the radially-
normalized form of these two functions,
k R R K R R k R R d do o o o o1 1 1
0
ψ θ ϕ θ ϕ θ ϕ ψ θ ϕ θ θ ϕ
π
π
π
( , , ) , , ; , ' , ' ( , ' , ' )sin ' ' '= zz
−
+
b g (19)
where, using the standard spherical harmonics Ylm θ ϕ,a f (see e.g., [10, page 107]) and
knowing that ψ θ ϕ( , , )R satisfies the source-free Helmholtz equation in the region with
R Ro≥ , one can show that the kernel K R Ro1, , ; , ' , 'θ ϕ θ ϕb g can be explicitly given as
K R R
R h k R
R h k R
Y Yo
l o
o l o om l
l
l
lm lm1
1 1
0
, , ; , ' , ' , ' , '
(1)
(1)
*θ ϕ θ ϕ θ ϕ θ ϕb g b gb g a f a f= =−
+
=
+∞
∑∑ , (20)
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with hl
(1) ⋅a f being the l th-order spherical Hankel function of the first kind, and * indicates
complex conjugation. In Eq. (19), the radial normalization k R Ro o oψ θ ϕ( , , ) and
k R Ro 1 1ψ θ ϕ( , , ) are used following the similar reason that k ro was used for the 2-D
cylindrical case in the previous section. Using a similar approach for fractionalization of
the kernel, the fractionalized kernel K R Roν θ ϕ θ ϕ1, , ; , ' , 'b g can be explicitly written as
K R R
R h k R
R h k R
Y Yo
l o
o l o om l
l
l
lm lmν
ν
θ ϕ θ ϕ θ ϕ θ ϕ1
1 1
0
, , ; , ' , ' , ' , '
(1)
(1)
*b g b gb g a f a f=
L
NM
O
QP=−
+
=
+∞
∑∑ (21)
where ν is the fractionalization parameter. As in the 2-D cylindrical case, here again it
can be easily seen that when ν →1, the fractional kernel becomes the original kernel; and
when ν → 0, the fractional kernel approaches
Y Ylm
m l
l
l
lmθ ϕ θ ϕ δ θ θ δ ϕ ϕ, ' , ' cos cos ' '
*a f a f a f a f
=−
+
=
+∞
∑∑ = − −
0
, as anticipated.
By equating the fractional kernel in Eq. (21) with the kernel of the integral
transform that links the function k R Ro o oψ θ ϕ( , , ) with the function k R Ro int int( , , )ψ θ ϕ on
the intermediate spherical surface of radius Rint where R R Ro ≤ ≤int 1, we obtain the values
of the fractionalization parameter ν to be
ν l
l o o l o o
l o o l o o
R h k R R h k R
R h k R R h k R
=
−
−
ln ln
ln ln
int
(1)
int
(1)
(1) (1)
b gc h b gc h
b gc h b gc h1 1
 (22)
As in the 2-D cylindrical case, here Eq. (22) also reveals that for any specific set of radii
Ro , R1, and Rint one gets differing values for fractionalization parameter for each order l .
One can easily observe that when R Rint → 1, all the parameters ν l ’s become unity; and
when R Roint → , all ν l ’s become zero. When R R Ro < <int 1, the parameters ν l ’s do not
necessarily have the same value, and as in the 2-D cylindrical case, they can even attain
-11-
complex values. For these values of fractionalization parameters ν l ’s, the fractional
kernel given in Eq. (21) can be equivalent with the kernel of the integral transform that
relates the quantity of interest on the spherical surface Ro to the corresponding quantity
on the intermediate concentric spherical surface with radius Rint . So for the 3-D spherical
case, the counterpart of Eq. (16) can be given as follows
K R R K R R
o o oν ν ν
θ ϕ θ ϕ θ ϕ θ ϕ, , , int, , ; , ' , ' , , ; , ' , '1 2 1Lb g b g= (23)
with the subscripts of the fractional kernel explicitly show the values of the
fractionalization parameter ν l ’s obtained from Eq. (22) for each order l .
Finally, when the spherical Hankel functions can be approximated for the large
argument, Eq. (22) can be simplified, leading to the following expression
ν ≅ −
−
R R
R R
o
o
int
1
(24)
which is analogous to what we found for the 2-D cylindrical case. The implications of
this result are similar to those discussed for the 2-D cylindrical case, and thus are not
repeated here.
In summary, in this Letter we have extended the concept of the fractionalization
of kernels, which we discussed in [1] for the planar case, to the cases of coaxial
cylindrical surfaces for the 2-D wave propagation, and concentric spherical surfaces for
the 3-D wave propagation. The salient features of these fractionalized kernels in the
present cases are similar to those for the planar case, except here it turned out that the
fractionalization parameters can in general attain differing values for each expansion
term, and these values may even be complex. As the intermediate surface approaches
either of the two originally selected surfaces, the fractionalization parameters approach
either zero or unity, as anticipated. Under certain conditions on the radii of the two
-12-
original surfaces, the fractionalization parameters can be approximated and their form
resembles that for the planar case.
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